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Density Functional Theory

Density functional theory has been established as a very practical platform for model-
ling, from first principles, the electronic, optical, mechanical, cohesive, magnetic, and
structural properties of materials. Starting from the Schrödinger equation for the many-
body system of electrons and nuclei, an effective theory has been developed allowing for
material-specific and parameter-free simulations of non-magnetic as well as magnetic
materials. In this chapter, an introduction will be given to density functional theory, the
Hohenberg–Kohn theorems, the Kohn–Sham equation, and the formalism for how to
deal with spin polarization and non-collinear magnetism.

1.1 Background of the many-electron problem

The basic problem in calculating the electronic structure and related properties of a ma-
terial concerns how to deal mathematically with the interactions of a very large number
of particles. To be more detailed, the Hamiltonian, in the non-relativistic case, can be
written in terms of coordinates of electrons and nuclei and their kinetic energy in the
following way:
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where the indices i, j denote electrons; I , J are for atomic nuclei; and the masses are
denotedMI for nuclei, andm for electrons. Furthermore,RI and ri stand for nucleus and
electron coordinates, respectively, whereas ZI denotes atomic number. In the following,
we will adopt Hartree atomic units, that is, e = m = h̄ = 4πε0 = 1. Since nuclei are
much heavier than electrons, one may adopt the Born–Oppenheimer approximation and
assume that the nuclei are fixed, while the electrons are dynamic objects. This allows,
one to deal with electron states separately from the atomic nuclei. Thus, we are left ’only’
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with the description of the electron system, and the Hamiltonian acting on the electrons
is written as
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Here, T̂ is the kinetic energy operator of the electrons, Ŵ is the operator determining
the Coulomb energy of electron–electron interactions, and V̂ ext is the external poten-
tial accounting for the Coulomb interactions between the electrons and the nuclei. The
corresponding total energy E is the expectation value ofĤ , that is

E = 〈�
∣∣∣Ĥ ∣∣∣�〉 = T +W +

∫
d3r Vext(r)n(r), (1.3)

with T and W denoting the expectation values of the kinetic energy and electron–
electron interaction operators, respectively, and n(r) denoting the electron charge
density.

1.2 The Hartree–Fock theory

The Hartree–Fock theory, discussed in several textbooks, (e.g. in Atkins and Friedman,
2005), assumes that electrons interact in a mean field fashion; it follows from approxi-
mating the many-electron wave function � with a single Slater determinant constructed
from the single-particle wave function ψ in the following way:

�(x1,x2, . . . ,xi, . . . ,xN) =
1√
N

det[ψi(xj)], (1.4)

where x is a composite coordinate of space and spin of an electron, N is the num-
ber of electrons, and we have used a compact expression for the Slater determinant.
Forming the expectation value of the electron Hamiltonian with this approximate many-
electron wave function yields an expression of the total energy. Minimization of this
energy expression with respect to the single-particle wave functions that compose the
Slater determinant gives the Hartree–Fock equation:⎛
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where Vext represents the electron–nucleus interaction. This equation is similar to the
Schrödinger equation for electrons that move in a potential and, in fact, the first two
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terms that follow the kinetic energy in Eqn (1.5) represent the effective potential that
an electron experiences because of its attractive interaction with the nucleus and its re-
pulsive interaction with all other electrons in the system (this interaction is referred to
as the Hartree term; Atkins and Friedman, 2005). The last term on the left-hand side
of Eqn (1.5) is referred to as the exchange interaction; it is active only if the spins of
electrons i and j are the same, and is hence a term that lowers the energy if as many
spins as possible have the same direction. This spin pairing (Jorgensen, 1962) is respon-
sible for the fact that most atoms of the Periodic Table have a ground-state electronic
configuration with a maximized number of parallel spins, provided that, the Pauli exclu-
sion principle is obeyed. This microscopic mechanism behind Hund’s first rule follows,
interestingly, from a Hamiltonian that has no spin-dependent terms in it, Eqn (1.2).
It is entirely quantum mechanical in nature and follows from the requirement that the
wave function � should be antisymmetric with respect to permutation of the coordin-
ates of any two electrons. Note that, in Eqn (1.5), we have explicitly kept electron i from
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interacting with itself, thus adopting a physically meaningful approach. If, however, we
allow for the summations in Eqn (1.5) to also include terms where i = j, we would not
introduce an error, since then the extra interaction in the Hartree term would be can-
celled exactly by the extra interaction of the exchange, or Fock, term. This is easily seen
by setting i = j in the subscript of the wave functions of Eqn (1.5). This is normally
described as the lack of self-interaction in the Hartree–Fock equation, and is relevant
when discussing approximations to density functional theory, as will be discussed in
Section 1.4. It should also be noted that the interactions in the Hartree–Fock equation
are non-local, meaning that they involve interactions over distances described by |ri – rj |.

In order to illustrate the strength of the spin-pairing energy as defined by Jorgensen
(1962), Fig. 1.1 shows the experimental values of the spin-pairing energy of lanthan-
ides and actinides for the f -shell (Nugent, 1970). Note that the energies involved can
be rather large, of the order of 10 eV. Hence, discussions of, for example, ultrafast de-
magnetization using intense laser pulses must take these strong intra-shell couplings into
consideration. It is also clear from the figure that spin pairing is slightly larger for the
lanthanide series than for the actinide series, because the 4f wave function is less ex-
tended in the lathanide series than in the actinide series and thus forces the electrons of
the 4f shell to occupy a smaller volume than those in the 5f shell do. For this reason, the
exchange energy is larger for the lanthanides than for the actinides, as may be seen from
Eqn (1.5).

1.3 The Hohenberg–Kohn theorems

Using the Hartree–Fock theory is a rather time-consuming approach, especially when
dealing with electronic structures of large systems and when dealing with solids. For this
reason, other approaches have been explored, where maybe the most successful one is
that provided by density functional theory (Hohenberg and Kohn, 1964; W. Kohn and
Sham, 1965). This theory allows the use of the charge density, n(r), and magnetization
density, m(r), of a system to be used as the key quantities that describe the ground-state
properties. In this way, one avoids having to work with a many-electron wave function.
Instead, one can resort to the single-electron theory of solids as is described in Sec-
tions 1.3 and 1.4. We give first, however, the foundation of density functional theory,
which is based on the following two theorems.

Theorem 1.1 The total energy of a system is a unique functional of the ground–state electron
density.

To demonstrate this, we consider the expectation value of Eqn (1.3). We evaluate the
ground-state many-body wave function �gs(r1, r2, . . . , rN) for N electrons and their
energy from the equation

Ĥ�gs = Egs�gs. (1.6)

The electron density of this ground-state can be calculated from
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ngs(r) =
N∑
i=1

∫
d3ri | �gs(r1, r2, . . . .rN) |2 δ(r – ri). (1.7)

We will now demonstrate that using two different external potentials in Eqn (1.3), for
example, Vext and V ′ext, gives rise to two different ground-state electron densities: ngs
and n′gs, respectively. For simplicity, we consider first a non-spin polarized system, with
m = 0. To show this, we note first that, for the system with external potential V ′ext,
we have

Ĥ
′
� ′gs = E ′gs�

′
gs. (1.8)

From the variational principles, it follows that

Egs = 〈�gs

∣∣∣Ĥ ∣∣∣�gs〉 < 〈� ′gs
∣∣∣Ĥ ∣∣∣� ′gs〉. (1.9)

To estimate the energy of the rightmost term of Eqn (1.9), we add and subtract V ′ext to
the expectation value so that

〈� ′gs
∣∣∣Ĥ ∣∣∣� ′gs〉 = 〈� ′gs ∣∣∣Ĥ + V ′ext – V

′
ext

∣∣∣� ′gs〉 = 〈� ′gs ∣∣∣Ĥ ′ + Vext – V ′ext
∣∣∣� ′gs〉. (1.10)

This allows us to write

〈� ′gs
∣∣∣Ĥ ∣∣∣� ′gs〉 = E ′gs +

∫
n′gs(Vext – V ′ext) d

3r. (1.11)

Note that, in this expression, we have, for simplicity, omitted to write out the r-
dependence of the external potential and density. Combining Eqns (1.9) and (1.11)
yields the relationship

Egs < E ′gs +
∫
n′gs(Vext – V ′ext) d

3r. (1.12)

We could start all over from Eqn (1.9) and, going to Eqn (1.11), arrive at an expression
similar to Eqn (1.12) but with all primed and unprimed symbols being interchanged,
that is, the following expression would also follow from the variational principle:

E ′gs < Egs +
∫
ngs(V ′ext – Vext) d3r. (1.13)

If we now assume that n′gs = ngs, an absurd relationship follows, since we can replace n′gs
in Eqn (1.12) with ngs and then add Eqns (1.12) and (1.13) together to obtain

Egs + E ′gs < E ′gs + Egs +
∫
ngs(Vext – V ′ext) d

3r +
∫
ngs(V ′ext – Vext) d3r, (1.14)
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Figure 1.2 Schematic figure showing the connection between
external potential (V -space) and ground-state density (n-space).

from which it would follow that Egs + E ′gs < E ′gs + Egs. This is clearly a result that is
incorrect. Since deriving it follows from the rules of quantum mechanics, plus one as-
sumption, we must conclude that this initial assumption was wrong, that is, that n′gs and
ngs cannot be equal. Figure 1.2 shows a schematic of the relationship between external
potential and electron density, following the above analysis of density functional the-
ory. According to this figure, two different external potentials can never point to the
same ground-state density; they exclusively will identify unique and separate ground-
state densities. In addition, there are no points in n-space that cannot be reached from a
point in V -space. Mathematically, such mappings are called bijective.

So far in this discussion, we have made the derivation following the direction of the
arrows in Fig. 1.2, namely, starting from different potentials in V -space always results in
unique positions in n-space. In principle, it is possible to follow these arrows backwards,
starting from the ground state density and ending up in a unique spot of V -space, with
this spot uniquely establishing the external potential where this density came from. Since
the expressions for kinetic energy and electron–electron interaction are the same for any
system, it is the form of the external potential which makes the Hamiltonian unique and
hence specifies it. The arguments of density functional theory thus make the following
claim: knowing ngs implies we know which external potential was used in the Hamilton-
ian. This, in turn, specifies the full Hamiltonian and, from it, all states, even the excited
ones. Thus we establish electron density as a property which describes a system, and we
formally allow the use of electron density in place of a many-electron wave function. In
particular, we are now able to express the following functional relationship between the
ground-state energy of the Hamiltonian, and the ground-state electron density:

E[n(r)] = T[n(r)] +W [n(r)] + Vext[n(r)]. (1.15)

The three terms in Eqn (1.15) are the same as those defined in Eqn (1.3). Using similar,
straightforward arguments, one can arrive at the second important theorem underlying
density functional theory:

Theorem 1.2 The exact ground-state density minimizes E[n(r)] in Eqn (1.15).
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If we had an explicit form for E[n(r)], we could go ahead and minimize it with respect
to the electron density and in this way calculate the ground-state energy. The expression
for Vext[n(r)] is straightforward, but those for T[n(r)] and W [n(r)] are more difficult.
Attempts have been made at formulating such expressions, for example, Thomas–Fermi
theory, but this theory comes short when compared to the topic of the next section, the
Kohn–Sham approach, when results are compared to, for example, measured magnetic
and cohesive properties.

1.4 The Kohn–Sham equation

The theorems described above are also valid for non-interacting systems where the part
of the Hamiltonian that describes electron–electron interaction, W , is absent. In this
case, electrons which move in the field of an external potential which we, for reasons
that will be obvious, call Veff, are solutions to a one-electron Schrödinger equation,

(
–
1
2
∇2 + Veff(r)

)
ψi(r) = εiψi(r). (1.16)

From this equation, which in the density functional theory community is also referred
to as the Kohn–Sham equation, one can calculate an electron density from the occupied
one-particle (op) states. Since no direct electron–electron interactions are considered
when evaluating this density, it is referred to as a one-particle density:

nop(r) =
∑
occ

|ψi(r)|2 , (1.17)

where the sum is over occupied states. In this case, the energy functional which describes
the total energy may be written as

Eop[nop(r)] = Top[nop(r)] + Veff[nop(r)] =

=
∑
occ

〈
ψi(r)

∣∣∣∣–12∇2

∣∣∣∣ψi(r)
〉
+
∫
nop(r)Veff(r) d3r, (1.18)

and the electron density which minimizes this functional is obtained from the require-
ment that the energy functional is stationary for small variations of the electron density
around the ground-state density, that is Eop[nop + δn] – Eop[nop] = 0, which also can be
written as

δTop[nop(r)] +
∫

δn(r)Veff(r) d3r = 0. (1.19)

Carrying out this minimization, using Eqn (1.18) for the kinetic energy, leads to
Eqn (1.16), and we have shown that non-interacting electrons which are the solutions
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to Eqn (1.16) result in an electron density which minimizes the total energy of this sys-
tem via the functional in Eqn (1.18). The basic principle of the Kohn–Sham approach
is the assumption that one can find an effective potential Veff such that its density nop is
the same as the ground-state density of the fully interacting system, ngs. The assumption
is proven to hold for a homogenous electron gas and small deviations from it but no
practical experience shows that the assumption holds in the general case. Nevertheless,
since we know the coupling between potential and density, as described, for example, in
Fig. 1.2, it seems like an efficient route to get the ground-state density of the interacting
system, by careful selection of an effective potential, even if it is from a one-particle
system.

The question now is, how do we determine Veff so that nop becomes equal to ngs?
In order to find a way to do this, we first recast the energy functional in Eqn (1.15) to
the form

E[nop(r)] = Top[nop(r)] +
∫
nop(r)Vext(r) d3r

+
∫∫

nop(r) · nop(r′)
r – r′

d3r d3r′ + Exc[nop(r)]. (1.20)

In Eqn (1.20), we have introduced the one-particle kinetic energy functional Top instead
of the true kinetic energy functional, and we have introduced the Hartree electrostatic
interaction instead of the true electron–electron interaction. Hence in order to make
Eqn (1.20) equal to Eqn (1.15) we must introduce a term that corrects for this, and this
is what the exchange and correlation energy Exc[nop(r)] does. Since the first three terms
on the right-hand side of Eqn (1.20) can be calculated numerically, we have moved
the complexity of the fully interacting system to finding the exchange and correlation
functional. For a uniform electron gas, one can, however, calculate Exc[nop(r)] for all
values of the electron density, and parameterized forms of Exc[nop(r)] as a function of
nop(r) are available. For uniform densities, it is hence possible to evaluate Eqn (1.20)
with excellent accuracy, and obtain the total energy using the electron density as the
decisive variable of the system.

The local density approximation (LDA; Hedin, 1965; Hedin and Lundqvist, 1971;
Barth and Hedin, 1972; Ceperley and Alder, 1980) assumes that the parameterizations
used for the uniform electron gas work even in cases where the electron gas is not uni-
form, and is applicable to molecules, solids, surfaces, and interfaces. This is done by
assuming that locally, at a given point in space of, for example, a solid or molecule,
one may consider the density as uniform and hence use the parameterized version from
the uniform electron gas. This means that one uses the following expression for the
exchange–correlation energy:

Exc[nop(r)] =
∫

εxc[nop(r)]nop(r) d3r, (1.21)

where εxc[nop(r)] is the exchange–correlation energy density; in a parameterized form,
its dependence on nop(r) is relatively simple. We now have an expression for the
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energy functional that can be minimized with respect to the electron density, using
an expression similar to Eqn (1.19) but now including electron–electron interaction
via the Hartree term and the exchange–correction functional. This minimization re-
sults in a one-electron Schrödinger-like equation similar to Eqn (1.16). However, the
minimization procedure leads to an explicit form of the effective potential Veff from
Eqn (1.16):

Veff(r) = Vext(r) +
∫

nop(r′)
| r – r′ | d

3r′ + μxc[nop(r)], (1.22)

where

μxc[nop(r)] =
∂{εxc[nop(r)]nop(r)}

∂nop(r)
= εxc[nop(r)] + nop(r)

∂{εxc[nop(r)]}
∂nop(r)

. (1.23)

We now can evaluate the total energy of a system, using electron density as the key vari-
able that determines things. In practice, this means solving Eqn (1.16) with the effective
potential specified by Eqn (1.22). Since the effective potential to be used in Eqn (1.22)
depends on electron density, which is the property we want to calculate, one has to per-
form a self-consistent field calculation where an initial electron density is guessed and
an effective potential is calculated from Eqn (1.22). This potential is then used to solve
Eqn (1.16), and a new electron density is calculated from Eqn (1.17), which is then
put back into Eqn (1.22). This procedure is repeated until convergence is obtained,
that is, until the density does not change appreciably with successive iterations. Once a
self-consistent electron density has been found, one can calculate the ground-state en-
ergy of the Kohn–Sham LDA energy functional, via Eqn (1.20). We comment here on
the evaluation of the kinetic energy in Eqn (1.20). Since an accurate expression of it in
terms of the electron density is missing, one evaluates it from

∑
occ〈ψ|– 1

2∇2|ψ〉 by using
Eqn (1.16), moving Veff to the right-hand side of the equation and multiplying from the
left with 〈ψ| on both sides, yielding

Top =
∑
occ

〈ψi| – 1
2
∇2|ψ〉 =

∑
occ

εi –
∫
d3r Veff(r)nop(r). (1.24)

The last term on the right-hand side of this equation is sometimes referred to as the
double-counting term, which is not to be confused with the double counting used in
the (local density approximation + Hubbard parameter) LDA + U extension of density
functional theory.

One of the effects that the exchange interaction Eqn (1.5) or the exchange–correlation
interaction Eqn (1.21) has is that one electron can dig out a hole in the surrounding
density provided by all the other electrons. This hole is normally referred to as the
exchange–correlation hole (Gunnarsson and Lundqvist, 1976), in the density functional
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theory literature and, in fact, the exchange–correlation energy can be expressed as the
energy due to interaction of an electron with its exchange–correlation hole.

It has been shown that only the spherical average of the exchange–correlation hole
contributes to Exc (Gunnarsson and Lundqvist, 1976). Hence, it may be argued that,
even if the exact exchange–correlation hole may in general be strongly aspherical and
non-local, it is not necessary for approximate functionals, for example, in LDA, to
describe the non-spherical parts. Consequently, approximate functionals often do not
experience major obstacles in evaluating materials properties with good accuracy, as will
be described in Chapter 3.

Other differences between approximate functionals, like LDA, and exact functionals
or even the Hartree–Fock theory are well known, in particular, that the self-interaction
of the Hartree term cancels exactly the self-interaction of the Fock term. This means
that one may include terms i = j in the summations of Eqn (1.5) without causing
an error. This could, for example, be done in order to make the Hartree–Fock the-
ory more comparable to density functional theory, in which the contributions from all
electrons are used to evaluate the density. Including all electrons in the terms of the
Hartree–Fock theory therefore does not introduce an error, and one may say that the
Hartree–Fock theory does not have a self-interaction error. However, most approxima-
tions of the exchange–correlation term of density functional theory do not generate a
self-interaction-free functional and, in many cases, this deficiency has been known to
cause unacceptable errors. Attempts to overcome this self-interaction error have been
made; the most popular form is given by Perdew and Zunger (1981). It has been pointed
out that this correction only partially removes the self-interaction (Lundin and Eriks-
son, 2001), and truly self-interaction-free functional forms of density functional theory
have been suggested. However, the functionals suggested so far have not been shown to
drastically improve the results of, for example, Perdew and Zunger (1981).

Parametrizations of μxc(nop(r)) in Eqn (1.22), in terms of electron density, are avail-
able, where the exchange part is proportional to n1/3op . This was done by, for example,
Hedin and Lundqvist (1971) and is discussed in several textbooks (e.g. in Ashcroft and
Mermin, 1976; Marder, 2010). Extensions of this analysis of the exchange–correlation
properties of the uniform electron gas to spin polarized situations allow majority spin-up
(α) and minority spin-down (β) densities to not be the same, thus enabling calcu-
lations of finite magnetic moments. The exchange–correlation potential for electrons
of a specific spin density nα is shown from the work of Barth and Hedin (1972)
to be

μα
xc[nα(r), nβ(r)] = A[nop(r)]

(
nα(r)
nop(r)

) 1
3

+ B[nop(r)], (1.25)

with a corresponding expression for nβ, where nop = nα + nβ. In Eqn (1.25), both
A(nop(r)) and Bop(n(r)) are negative for all densities (Barth and Hedin, 1972). Hence,
majority spin-up and minority spin-down electrons travel through, for example, a crystal
experiencing the separate effective potentials V α

eff and V
β

eff; for magnetic materials, with
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spin polarization, one must treat the Kohn–Sham equation, Eqn (1.16), separately for
the majority spin-up and minority spin-down states.(

–
1
2
∇2 + V α

eff(r)
)

ψiα(r) = εiψiα(r),

(
–
1
2
∇2 + V β

eff(r)
)

ψiβ(r) = εiψiβ(r). (1.26)

respectively. The effective potential for the majority spin channel becomes a little deeper
than that for the minority spin channel, which is why an imbalance between majority
and minority spin states emerges in the first place. The difference between the effect-
ive potential of majority spin states and that of minority spin states often amounts to a
constant shift between the electron states of the two spin channels. This shift is referred
to as exchange splitting. It can be seen from Eqn (1.25) that the exchange contribution
to the effective potential is proportional to the ‘local density’ of spin-up and spin-down
states, and again a spin polarized calculation has to be done self-consistently, as de-
scribed above, but now for each spin channel. Alternatively, one may express this as
self-consistency which has to be achieved both for the charge density n = nα +nβ and for
the magnetization density m = nα – nβ. The latter description is to be preferred since, in
the self-consistent cycle, a larger mixing of densities can be used for m than for n. Spin-
polarized parameterizations of the LDA, normally referred to as the local spin density
approximation (LSDA), have been established for some time (Barth and Hedin, 1972).
The LSDA is known to give accurate total energies for many bulk systems. This theory is
also known to reproduce with great accuracy the magnetic spin moments of most tran-
sition metals and their alloys. As an example, we show in Fig. 1.3 the measured and
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calculated (using LSDA) spin moments of Fe-Co alloys (James et al., 1999). Note that
we have calculated spin moments by multiplying the integrated spin density with the
electron g-factor. This corresponds to the standard formulation in quantum mechan-
ics, where the size of the spin moment of one electron is calculated from ms = gssz,
where gs = 2.002319, to get moments in units of magnetic moment per atom (μB; used
throughout this book). The phase diagram of the alloys in Fig. 1.3 shows that the crystal
structure is body-centred cubic (bcc), for almost all concentrations. Only for the very
Co-rich alloys does the hexagonal closed packed (hcp) crystal structure become stable.
Also, for some concentrations, the face-centred cubic (fcc) phase has been stabilized,
as precipitates in an fcc matrix of Cu. In Fig. 1.3 we see that, for the bcc phase, the
measured and calculated magnetic moments (per ‘average’ atom of the alloys) agree
with good accuracy. Theory is even found to reproduce the maximum value of the spin
moment, the Slater–Pauling maximum, at∼25 % Co. For the fcc and hcp phases, theory
also reproduces observation, for cases where a comparison can be made.

1.5 Non-collinear magnetism, and time-dependent density
functional theory

In systems with a collinear magnetization and in which spin–orbit coupling is neglected,
spin-up and spin-down states are orthogonal, and hence the density matrix is diagonal.
This allows for the formulation of spin polarized density functional theory, with one
Kohn–Sham equation for the majority (α) spin channel, and one for the minority (β)
spin channel, as shown in Eqn (1.26). The majority and minority spin channels are
connected only through the spin dependence of the exchange–correlation part of the
effective one-particle potential. The more general situation is when the electronic mag-
netization density has a spin texture that is both non-collinear and time dependent, and
the density matrix contains off-diagonal elements (Barth and Hedin, 1972; Nordström
and Singh, 1996; Sandratskii, 1998; Kübler, 2009). Extending the spin polarized density
functional theory formalism discussed, to the case of non-collinear magnetism and time
dependence, the density matrix can be written as a 2× 2 matrix:

ρ(r, t) =
∑
i∈occ

(
ψiα(r, t)ψ∗iα(r, t) ψiα(r, t)ψ∗iβ(r, t)

ψiβ(r, t)ψ∗iα(r, t) ψiβ(r, t)ψ∗iβ(r, t)

)
, (1.27)

where the wave functions are two-component, time-dependent Pauli spinors; ψi(r, t) =
[ψ∗iα(r, t),ψ

∗
iβ(r, t)]

T; and the summation is over the occupied Kohn–Sham orbitals. The
charge density and the magnetization density are calculated as traces of the density
matrix :

n(r, t) = Tr[ρ(r, t)],

m(r, t) = Tr[σ̂ρ(r, t)], (1.28)
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where σ̂ = (σ̂x, σ̂y, σ̂z) is a vector of Pauli matrices. Reciprocally the density matrix can
be expressed in terms of n(r, t) and m(r, t) as

ρ(r, t) =
1
2

[
n(r, t)1 +m(r, t) · σ̂] , (1.29)

where 1 is the 2 × 2 identity matrix. Note that in relationship to Eqn (1.26), we have
now made a generalization in that we consider non-collinear arrangements of magnetic
moments, and hence the Kohn–Sham equation must be written in a somewhat more
general form. However, before doing this, we note that Eqn (1.28) also contains the time
dependence of the charge and magnetization density, and hence we should consider the
time-dependent Kohn–Sham equation, normally written as a Pauli–Schrödinger-type
equation,

i
∂ψiα(r, t)

∂t
= Hαβψiβ(r, t), (1.30)

for single-particle orbitals ψiα(r, t). Note that, in Eqn (1.30), we have used the Einstein
convention of implicit summation over repeated indices. If an external magnetic field
Bext is included together with the spin–orbit coupling, the Hamiltonian for the electron
system is written as

Ĥαβ = –
∇2

2
δαβ + V eff

αβ (r, t) +
{
1
2c

σ̂ ·Beff(r, t)
}

αβ

+
{

1
4c2

σ̂ · (∇V eff(r, t)× i∇)}
αβ

, (1.31)

where c is the speed of light in vacuum. The effective non-magnetic potential

V eff
αβ (r, t) = V ext(r, t)δαβ + VH(r, t)δαβ + μxc

αβ(r, t)δαβ (1.32)

consists of the external potential V ext(r, t), the Hartree potential VH(r, t), and the non-
magnetic part of the exchange–correlation potential μxc

αβ(r, t). The effective magnetic
field

Beff(r, t) = Bext(r, t) +Bxc(r, t) (1.33)

can be decomposed into the weaker external magnetic field Bext and the stronger
exchange–correlation magnetic field Bxc(r, t). The scalar and magnetic exchange–
correlation potentials are calculated, following Eqn (1.23), as the functional derivatives
of the exchange–correlation energy
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μxc(r, t) =
δExc[n,m]

δn(r)
, (1.34)

Bxc(r, t) = –
δExc[n,m]

δm(r)
. (1.35)

We have in this section provided the most general form of a practical scheme to calcu-
late magnetic properties from density functional theory, in the sense that no restriction
on the shape of the charge or on the magnetization direction is imposed and that time
dependence is included. From this formalism, one can evaluate the ‘direction’ of the
magnetization density, by diagonalization of the density matrix Eqn (1.27) (Nordström
and Singh, 1996; Sandratskii, 1998; Kübler, 2000). This is described in Chapter 4,
where we connect Eqn (1.31) to the concepts of atomistic spin dynamics. For most ma-
terials, the ‘direction’ of the magnetization density does not vary over regions where it
is large; typically, this region is centred on each atomic nucleus, within a radius that is
significantly smaller than interatomic distances. Examples of this are given in Chapter 2,
and we note that this property implies that a collinear atomic description is meaningful
in such a region (Sandratskii, 1998; Kübler, 2000), although examples of the oppos-
ite property have been discussed (Nordström and Singh, 1996). Before entering the
discussion of how to derive from Eqn (1.31) the relevant equations of atomistic spin
dynamics, we describe in Chapter 2 those aspects of a solid that are important when one
solves the Kohn–Sham equation. We also give some examples of the magnetic properties
of materials and how theory compares with observations (Chapter 3).




