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11. Magnetic Impurities in an Electron Gas 

J. Friedel [109] noted that an impurity put in a gas of free electrons (jel-
lium) causes an oscillatory perturbation of the electron density around it, 
which shields the impurity. The charge density oscillations are called Friedel 
oscillations. The physical origin for this perturbation is the scattering of the 
free electrons at the impurity potential. The magnetic analogue is the Rud-
ermann, Kittel, [126] Kasuya [127], and Yoshida [128] (RKKY) interaction 
which describes the interaction between a localized magnetic impurity and 
the surrounding electron gas. The RKKY interaction caused by the super-
position of the charge density oscillations of the spin-up and the spin-down 
electrons giving rise to a spin density oscillation. 

11.1 Impurity Potential in the Jellium 

In the jellium model of a solid it is assumed that the positive charge of the 
cores is continuously smeared out to form a constant positive background. 
The electron density is thus also constant and the respective eigenfunctions 
are plane waves exp (ikr). If one inserts an impurity potential V0 (r) it will 
become shielded by the electron gas. The resulting shielded effective potential 
V (r) will lead to a change in the electron density  n (r). In lowest order 
perturbation theory one can write this density change as [129] 

 n (r) =  χ0 (r, r ) V (r ) dr . (11.1) 

One now calculates the susceptibility χ0 (r, r ). It should be noted that this 
is not yet a magnetic susceptibility. The term susceptibility is just used in 
its more general meaning as a response function. To calculate χ0 (r, r ) one  
first introduces the Green function G (r, r ; E) to the Hamiltonian H . In  its  
spectral representation G (r, r ; E) can be expressed using the eigenvalues Eα 

and the eigenfunctions ψα to H � ψα (r) ψα (r )
G (r, r ; E) =  . (11.2) 

E + iζ − Eαα 

The charge density is then given by 
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116 11. Magnetic Impurities in an Electron Gas 

EF � 
n (r) = 2  |ψα (r)|2 = − 

2 
Im {G (r, r; E)} dE .  (11.3) 

π 
α,Eα<EF 

For a small perturbation, Dyson’s equation G = G0 + G0V G  is approxi-
mated by G   G0 + G0V G0 which allows to calculate the Green function of 
the perturbed system G from the Green function of the unperturbed system 
G0 

EF 

2 
 n (r) =  − dE Im G0 (r, r ; E) V (r) G0 (r , r; E) dr , (11.4) 

π 

so that the susceptibility defined in (11.1) reads 

EF 

2 
χ (r, r ) =  − dE Im {G0 (r, r ; E) G0 (r , r; E) dr } . (11.5) 

π 

h2
In the case of free electrons H0 = − ¯ ∂2 the unperturbed Green function 2m 

is a spherical wave of the form 

2m exp (ik |r − r |)
G0 (r, r ; E) =  G0 (r − r ; E) =  − , (11.6) 

h24π¯ |r − r |� 
k 2m

with k = E >  0 . |k| h̄2 

The resulting susceptibility is easy to calculate and its radial part reads 

m 1 
χ (R) =  (2kFR cos (2kFR) − sin (2kFR))

h̄2 (2π)3 R4 

m 2kF cos (2kF R)  for  2kF R 1 . (11.7) 
h̄2 (2π)3 R3 

The susceptibility χ (R) and therefore also the density oscillate with a period 
π/kF (for distances far enough from the perturbation). The amplitude of 

1these oscillations decays with R3 . These oscillations are a direct consequence 
of the oscillatory character of the free Green function (i.e. a spherical wave). 
Apart from the formal derivation one can also easily give a classical explana-
tion of this effect. If a plane wave representing the free electron hits a point 
target (the scattering potential) a spherical wave is emitted from that target. 
This spherical wave is exactly the free Green function. The classical optics 
analogue would simply be Huygen’s principle. 
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11.2 Strong Perturbations in the Jellium 

For strong perturbations linear response theory is no longer valid. In this case 
the potential V must be replaced by the energy dependent T -Matrix 

1 
T (E) ≡ V . (11.8) 

1 −G0 (E) V 

This expression is a consequence from the Dyson equation 

G = G0 + G0V G  

= G0 + G0V G0 + G0V G0V G0 + ... , 

which formally can be solved by introducing the T -Matrix to be 

G = G0 + G0TG0 . (11.9) 

The result for the density oscillations reads 

2m kF |t|
 n (r)   cos (2kFr + δ) , (11.10) 

h̄2 (2π)3 r3 

where |t| is the trace of the T -matrix at EF. 
One finds that a strong perturbation leads to the same type of oscillations 

but there occurs a phase shift which depends on the strength of the potential. 

11.3 Layer and Line Defects 

With the advancement of the necessary experimental techniques, the physics 
of magnetic superstructures became a central object of investigation. In par-
ticular structures which consist of repeated magnetic and non-magnetic layers 
show new features like giant magneto resistance (GMR) which are of great 
technological interest. If one wants to describe the magnetic coupling be-
tween such layers one has to consider perturbations which are of one- and 
two-dimensional shape. The derivation is analogous so that only the result is 
given. 

For a layer in the x, y plane the susceptibility along the z direction is 
given by 

χ(2) (z)  −  
m sin (2kFz) 

. (11.11) 
h̄2 (2π)2 z2 

For a line defect the perturbation potential V (r) =  V (ρ) ;  ρ = x2 + y2 

independent of z. The result is 
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118 11. Magnetic Impurities in an Electron Gas 

m (2kF)3 cos (2kFρ) sin (2kFρ)
χ(1) (ρ)   b , (11.12) a +5

2 
5
2¯ ρh2 (2π)3 ρ 

∞ ∞ 

with a = 
cos u 

du √ , b  = 
sin u 

du √ , 
u u 

0 0 

1so that the oscillation decays as 
ρ5/2 . 

11.4 Magnetic Impurities and Oscillations 
of the Magnetization 

In many non-magnetic host lattices 3d-impurities possess a magnetic moment. 
Very famous are the 3d-impurities in a palladium host which have large mo-
ments (almost at the Hund’s rule limit) and polarize the surrounding Pd 
atoms to form a large magnetization cloud. This oscillatory polarization can 
be understood from the charge oscillations discussed above. Following density 
functional theory spin-up and spin-down electrons “feel” a different potential 
of the form 

V± (r)   vc (r) ± vx (r) m (r) , (11.13) 

which means that spin-up and spin-down electrons are scattered differently. 
The main difference is the different phase shift which gives rise to oscilla-
tions of the spin-up electron density shifted relative to the oscillations of the 

Fig. 11.1. Oscillatory magnetic coupling due to the RKKY interaction 
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spin-down density. The superposition of these two charge densities yields an 
oscillatory magnetization which decays according to the dimensionality of 
impurity considered. Fig. 11.1 depicts this behavior following (11.7). This 
RKKY-interaction is the reason that atoms at a given distance from the im-
purity either feel a positive or negative polarization and consequently have 
magnetic moments of respective orientation. The RKKY-interaction is also 
employed to explain the behavior of canonical spin-glasses. A spin-glass is a 
system (e.g. small amounts of Fe dissolved in a Au host) where localized mag-
netic moments exists which are oriented at random. Since these orientations 
appear to be “frozen” below a certain temperature, in analogy to a under-
cooled amorphous melt the name spin-glass was coined. It is assumed that 
any magnetic impurity (which themselves are distributed at random) pro-
duces an RKKY polarization. These polarizations interfere with each other 
and thus produce a completely random polarization pattern in which the im-
purity moments are locked. It is easy to understand that such systems have 
highly degenerate ground states which only differ in the orientation of the 
impurity moments. Consequently one often finds extremely slow relaxation 
processes which can happen on a time scale of months or even years. 




